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Abstract 

• We extend the Adler-Manin trace on the algebra of pseudodiffer- 
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ential symbols to a twisted setting. 

1 Introduction 



\ The definition of the noncommutative residue of Adler-Manin [TJ [9] for the 

algebra of formal pseudodifferential symbols on the circle and its full an- 
alytic extension to higher dimensions by Wodzicki and Guillemin |12|, 0], 
relies on the existence of an invariant trace on the ground algebra. A vast 
generalization of this noncommutative residue has been obtained by Connes 
and Moscovici in the context of spectral triples and the local index formula 
in noncommutative geometry in [2]. Here again the conditions needed to 
\ define the residue trace on the algebra of pseudodifferential operators for 

the spectral triple, imply the existence of a trace on the base algebra. To 
deal with 'type III situations' where there can be no trace on the ground 
algebra, Connes and Moscovici introduced the notion of a twisted spectral 
triple in [3]. This of course raises the questions of extending the results of 
[2] to this new twisted setting. 

In this paper we take a modest first step in this direction and look 
for analogues of the Adler-Manin trace on an algebra of formal twisted 
pseudodifferential symbols. To our surprise, we found that starting with an 
invariant twisted trace on the ground algebra, one can still induce a trace on 
the algebra of twisted symbols. This of course suggests that in the context of 
twisted spectral triples one might be able to use the twisted trace defined in 
[3] to define a trace on a twisted pseudodifferential calculus for the spectral 
triple. We shall not discuss this problem in this paper any further. 
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Our main results are as follows. For a triple (A, a, 5) consisting of an 
algebra A, an automorphism a : A —* A, and a twisted derivation 5 : 
A — > A, we define an algebra of formal twisted pseudodifferential symbols 
if? (A, a, 5) with coefficients in A. Our construction extends those of Adler- 
Manin as well as the algebra of g-pseudodifferential symbols on the circle due 
to Khesin-Lyubashenko- Roger [7] and Kassel [6] . We show that starting with 
an invariant twisted trace on A, the noncommutative residue functional is a 
trace on ^f?(A, a, 5). We also define an n-dimensional analogue of if? (A, a, 5) 
and show that starting with an invariant <7 n -trace on A, one obtains a trace 
on if? (A, a, 5). We also extend the logarithmic cocycle of [3 [8] to our twisted 
set up. One can get a different kind of result if one assumes that 5 and a 
commute. In this case the automorphism a extends to an automorphism 
of if?(A,o~,5) and we show that starting with an invariant trace on A, the 
noncommutative residue is in fact a twisted trace on if? (A, a, 5). In the 
last section of this paper we give a general method to construct twisted 
derivations, twisted traces, and twisted connections on a crossed product 
algebra. We also indicate a relation with a twisted spectral triple constructed 
in ®. 

We should mention that when we discussed the idea of our algebra of 
twisted pseudodifferential symbols with Nigel Higson at a recent conference 
at the Fields Institute in Toronto, he brought a paper of Schneider and 
Venjakob [llj to our attention where a similar algebra of 'skew power series 
rings' has been defined in the context of noncommutative Iwasawa theory. 
The two algebras are however mildly different as we use a different comple- 
tion from [11] . Apart from this, the contents and focus of the two papers are 
quite disjoint. We would like to thank the Hausdorff Research Institute for 
Mathematics for their generous support and a very nice environment during 
our stay in the summer of 2008 when most of this work was done. 

2 Preliminaries 

To motivate our definitions in the next section, we recall some standard 
notions and constructions in this section. In this paper by an algebra we 
mean an associative, unital, not necessarily commutative algebra over C. 
The choice of C as the ground field is not essential and in fact all of our 
definitions and results can be phrased over an arbitrary field of characteristic 
zero. The characteristic zero assumption however would be essential. Let 
A be an algebra. Recall that a derivation on A is a linear map 5 : A ^ A 
such that 5(ab) = aS(b) + 5(a)b for all a, b E A. Given a pair (^4, 5) as above, 
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the algebra of formal differential symbols D(A,5) [5j[9] is, by definition, the 
algebra generated by A (as a subalgebra) and a symbol £ subject to the 
relations 

£a — a£ = 5(a) (f ) 

for all a £ A. Every element of D{A, 5) has a unique expression of the form 

N 
i=0 

for some non-negative integer iV and cjj € A. We think of D as a differential 
operator of order at most N. Using ((TJ), one can inductively prove that 

r« = E ( n W)c~ j ' (2) 

for all a £ A and n > 0. Using (j2J), we obtain the following multiplication 
formula in 8): 

M N M+N , . v 

(E"*0(E^)= E (E(>^)^ 

i=0 jf=0 n=0 V y 

where the internal summation is over all < k < i < M, and < j < N 
such that i + j — k = n. 

The algebra of formal pseudodifferential symbols of (A, 8) [HEIE]) de- 
noted by ^f(A,5), is obtained from D(A, 5) by formally inverting £ and 
completing the resulting algebra. More precisely, it is defined as follows. 
Elements of *$>(A,5) consist of formal sums 

N 

D = a ^ 

i=—oo 

with ai £ A, and N £ Z. Its multiplication is defined by first extending (JSJ 
to all n £ Z: 
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Here the binomial coefficient m for n G Z, and non- negative j G Z, is 
defined by (J) := "(*-i)--;("-J+i) . Notice that for n < 0, we have an infinite 

formal sum. In general, for D\ = X^f=-oo a «^' an< ^ ^2 = X^j=-oo ^j^' the 
multiplication is defined by 



M+N 



n=-co 



where the internal summation is over all integers i < M, j < N, and k > 
such that i + j — k = n. 

Let now r : j4 — > C be a 5-invariant trace on A. Thus, by definition, r 
is a linear map and we have r(afe) = r(foa) and r(<5(a)) = for all a, 6 G A 
The Adler-Manin noncommutative residue [H EJ [5], res : S) — > C is 

defined by 



One checks that res is indeed a trace, i.e. 

res [Dx,D 2 ] =0 

for all D\,D2 G <?)• Equivalently, one shows that the map res : 

V(A,8)^>A/([A,A]+imS) 

D 1— > a_i mod LA, A] + im5 

is a trace on *$>(A,5) with values in A/([j4, A] +im<5). 

A relevant example is when A = C°°(S' 1 ), the algebra of smooth func- 
tions on the circle S 1 = E/Z, with r(/) = £ f(x)dx and 6(f) = /'. Then 
the noncommutative residue coincides with Wodzicki residue on the algebra 
of classical pseudodifferential symbols. 

3 Algebra of formal twisted pseudodifferential sym- 



In this section we extend the algebra of formal pseudodifferential symbols 
to a twisted setup, and look for traces and twisted traces on these algebras. 

Definition 3.1. Let a : A — > A he an automorphism of an algebra A. 



N 




bols 
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1. A a-derivation on A is a linear map 5 : A — > A such that 

5{ab) = 5{a)b + a(a)6(b), Va, 6 € A 

2. A a-trace on A is a linear map r : A — » C such that 

T (ab) = r{a(b)a), Va, & G A. 

Given a triple (A, a, 5) as in the above definition, we define the algebra 
of formal twisted pseudodifferential symbols, denoted by ^(A,a, 5), as the 
set of all formal series in £ with coefficients in A: 

N 

V(A,a,6) := I ^ a n f | N € Z, o n ei Vn < iv}. 

n=— oo 

To define the multiplication, we impose the relations 

£a - <r(a)f = 5(a) (3) 

for all a G A, and 

= er 1 = i. 

Using (|3|), one can inductively show that (c/. also for all n > 0, 

n 

e n a = X)Pi,n(^<5)(a)r > (4) 

where Pj >n (cr, (5) : A — > A is the noncommutative polynomial in a and 5 with 
(") terms of total degree n such that the degree of a is i, e.g. 

P 3)4 (cr, 5) = 5ct 3 + o-(5o- 2 + o- 2 (5ct + a 3 6. 
We need an extension of for n < 0. For n = — 1, we have by induction: 

N 

This suggests putting 

oo 

r 1 a = ^(-i)v- i (^- i r(a)r 1 - j . (5) 

i=0 
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Multiplying © by ^ \ we obtain 

oo oo 

£" 2fl = E E(- 1 ) i+if7 " 1 ^ _1 ) v_1 ^~ 1 ) i («)r 2 - i - i . 

i=o i=o 
Continuing we have 

oo oo 

C n a = J2 ■■■ E (-ir + '" + * n ^ 1 (^ 1 r n • • • a- 1 (50 n (a)C n ~ n ~"'~ in - 

h=0 in=0 

(6) 

for any integer n > 1. This suggests the following formula for the mul- 
tiplication of twisted pseudodifferential symbols D\ = X^n=-oo a ™£ n > an d 

^2 = Em=-oo ^mC" 1 ; 

Af 

m=—oo n<0 i>0 
M N n 

m=— oo n=0 j=0 

where i = {%%,... , i- n ) is an n-tuple of integers and \i\= i\ + ■ ■ ■ + i- n . One 
can show that, endowed with the multiplication defined in ([7|), ty(A,o~,8) is 
an associative unital algebra. 

Lemma 3.2. Let A,a,8,r be as in Definition \3.1\ If rod = 0, then for any 
a,b G A, and any m-tuple i = (ij, . . . , i m ) o/ non-negative integers, we have: 

rfo-^Sa- 1 )' 1 ■■■a- 1 (8a- 1 ) im (a)) = (-l) il+ - +i «r(a^ ra a5 i ™- 1 ■ • • aS h (6)) 

(8) 

Proof. Since r is a cr-trace, we have 

r(<r(a)) = r(a), Va G A. (9) 

From ^-derivation property of 8 and r o <5 = , it follows that: 

T(8(a)b) = -T(a(a)8(b)), Va, b G A. (10) 

To prove ([8]), first we assume that m = 1. Now if i = ii = 0, then ([8]) says 
that r(ao) = T(i><7 _1 (a)) which is true because of the cr-trace property of r. 
By induction on i, assume that 

r{ba- 1 {8a- 1 ) i {a)) = (-l)V(a<f (6)) Va, b G A, (11) 
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for a fixed % > 0. Then by using ([9]) and (|10p . we have 

r(6(r- 1 (tf(7- 1 ) i+1 (o)) = rC^- 1 ^ -1 )*^ -1 ^)) 

= (-iy +1 r(^ +1 (&)). 

Therefore (jlip holds for all i > 0. Now to prove the general case, we use 
(jlip several times: 

r(ba~ l {ba- l T ■ ■ ■ a' 1 (Sa^f™ (a)) 
= (-l) il r(<7- 1 (5(7- 1 ) i3 ---<r- 1 (<5<7- 1 ) i ™(o)« il (6)) 
= (-l) il T(a5 il (b)a- 1 {5a- 1 ) i2 ■ ■ ■ a- 1 (5a- 1 ) im (a)) 
= {-l) il+i2 T(a- 1 {Sa- 1 y 3 ---a- 1 (Sa- 1 ) im {a)S i2 ad il (b)) 

□ 

Theorem 3.3. Let A, a, 5, r be as in Definition \3.1\ where r is a a-trace and 
5 is a -derivation. If rod = 0, then the linear functional res : ty(A,o~,5) — ► C 
defined by 



res ( ^2 a £) = r ( a - 



is a trace. 

Proof. Let a, b € A, m,n E Z. We shall show that 

res « n &0 = res (6£ m aO- (12) 



One can easily see that both sides of (|12p are if n, m > 0, or if n, m < 0. 
So it suffices to prove the identity for n > 0, m < 0. In this case, by (J4j) we 
have 



ar6r = J2aP i>n (a,5)(b)e 



i=0 

Therefore by definition of res , if n + m < —1, then res (a£ n 6£ m ) = 0; other- 
wise we have: 

res(a« m ) = r(aP_ m _i, n (a, <?)(&)). (13) 
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Also by © 

i=(i 1 ,...,i- m )>0 

Again by definition, if n + m < —1, res (o£ m a£ n ) = 0; otherwise by using 
Lemma 13.31 we have: 



res(b£ m aO = (-l) m+n+1 T( ^ ba' 1 (Sa^f 1 ■ ■ ■ a" 1 (So-- 1 )*-™ (a)} 

\i\=m+n+l 

= T ( Yl aSi-^atf™- 1 ■■■a5 ll (b) 

\i\=m+n+l 

= r(a?_ m _i in ((7, S)(b)). 



Hence by (fl3l) . the identity (1121) is proved. 

□ 

We notice that if 5 o a = a o 5, the multiplication formulas © and (JHJ) 
in ^(^4, o~, 5) simplify quite a bit, and reduce to the following: 

Ca = ^2( n j5 j (a n - j (a))C~ j , neZ. (14) 



A special case of (|Mj) is the algebra of g-pseudodifferential symbols on 
the circle defined in [?]. In this case A = C co (S 1 ), a(f) = f(qx), and 
5(f) = f( qx )~f( x ^ . it i s easy to see that 5 o a = a o 5, and the resulting 
algebra coincides with ^(A, a, 5). 

Lemma 3.4. Let a be an automorphism of an algebra A and 5 be a a- 
derivation of A such that 5 o a = a o 5. 

1. For any non-negative integer k, and a,b £ A, we have 

5 k {ab) = Y J ( k \ i ^'\a)5 i {b). 

<=o 

2. If <p : A — > C is a linear functional such that tp o 5 = 0, £/ten /or any 
non-negative integer k, and a,b £ A, we have 

^(5 k (a)b) = (-l) k cp(a k (a)5 k (b)). 
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Proof. One can prove 1 by induction. To prove 2, since <p(5(ab)) = ip(S(a)b+ 
a (a) 5(b)) = 0, we have 

<p(5(a)b) = -ip(a(a)6(b)), Va, b € A. 

Now for any non- negative integer k, we have 

ip(5 k (a)b) = -<p(o-(5 k - 1 (a))5(b)) = -tp(5 k - 1 (o-(a))5(b)) 
= ■■■ = (-l) k V >(a k (a)5 k (b)). 

□ 

Proposition 3.5. Let A be an algebra, a an automorphism of A, and 5 : 
A — > A a a- derivation such that 5 o a = a o 5. 

1. The map a' : V(A, a, 5) -> $>(A, a, 5) defined by 

N N 

A E a ^ n ) = E CT ( a ^" 

n=— oo n=— oo 

is an automorphism of the algebra of formal twisted pseudodifferential 
symbols. 

2. If t is a trace on A such that r o a = t, and r o 5 = 0, then the map 
res : ^(A, a, 5) — > C defined by 

N 

res( E a nC) =r(a_i) 

n=— oo 

zs a cr'^ 1 -trace on ^(A, a, 5). 

Proof. 1. Obviously the map er' is a linear isomorphism. Also for any 
a, 6 G -A, and m,n£Z, we have 

j=0 ^ 
00 / \ 

= E • W(a)o-(6 j (* n - j (b)))e +m - j 

3=0 VJ/ 

= E ( • )<r(a)6 j (o- n+1 - j (b))e +m - j , 

3=0 ^ 
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and 

a'KV^r) = <r(a)Ca(b)C 

= ( )a(a)5 j (a n - j+1 (b))C +m ~ j - 
3=0 

Therefore a 1 is an automorphism. 
2. It suffices to show that for any a,b £ A, and m,n£2, 

res «V(&)0 = res (b^a? 1 ). (15) 



We have 



and 



ft^af 1 = ( )bd j {a m - j (a))C 

A— n \3 / 



'-m+n—j 

J =0 v J 7 

If n + m < —1, then both sides of fjl5[) are 0. If n + m = —1, then 
res«V(6)£ m ) = r(aa n+1 (6)), 

and 

res^rX") = T(ba m (a)) =T(ba- n - 1 (a)) 
= T{o n+1 {b)a) =T(ao n+l {b)). 

Now assume that n + m = k > — 1, then 

res «V(6)r ) = ^iXiaS^Ha^ib))) 

and 

m ^ '• rfe+l (-m-k-l , 



A + J ( r(^+V—»)) 
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Now by using Lemma 13.41 the desired result follows since 

T(a5 k+1 (a n - k (b))) = T (5 k+1 {o n ~ k {b))a) 

= (-l) k+1 r(a n+1 (b)5 k+1 (a)) 
= (-l) fc+1 r(6<5 fc+1 (a~ n - 1 (a))). 



□ 



4 A multidimensional case 

In this section we consider an algebra A, an automorphism a : A — > A, and 
two a-derivations 61,82 '■ A — > A. Let *&o(A, a, 81,82) be the set of all formal 
power series in noncommuting variables £1 and £2, with coefficients in A, of 
the form 



D — a il,jl,-,im,jm ^l^i 1 ' ' ' 



where m = m(D) is a positive integer, and the summation is over all m- 
tuples of integers i = . . . ,i m ) and j = (ji, ■ ■ ■ , j m ) in Z m such that 
if. and j/% are less than some ./V = N(D) E Z, for all k = 1, . . . , m; and 
a ii,ji,...,im,j-m e A. To define the multiplication, we impose the relations 

ija - o(d)ij = 8j{a), 
^ = ^ = I- 

for all a E A, j = 1, 2. Therefore by using the identities of Section 3, for any 
a E A, integer n > 1, and j = 1, 2, we have 



and 



i=0 



£pa = ■ ■ ■ (-l) <1+ "'" H "<r~ 1 (**<7- 1 ) <n • • • ^(^'O* 1 (a)£7 n-il ~" ~ in - 

«1=0 «n=0 

Now we define the algebra ^(A, a, 81 , 82) to be the quotient of ^o(A, cr, 81 , 82) 
by the two sided ideal generated by £i£2 — £2^1 • Note that each element of 
the latter has a representation of the form 

M N 

^ ^ a ij£l£2; CLij & A, 
i=—oo j=—OD 

which is not necessarily unique. 
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Lemma 4.1. Let A, a, 61,62 be as above, and r : A — > C be a a 1 -trace such 
that t o 6j = for j = 1, 2, and r o a = r. Then for any a,b G A, and tuples 
of non-negative integers i = {i\, . . . , i q ), and j = (ji, ■ ■ ■ ,j P ), we have 

T(ba- 1 (6 1 a- 1 ) jl ■ ■ ■ a- 1 (6 1 a- 1 ) j ^a- 1 (6 2 a~ 1 ) h ■ ■ ■ a' 1 (S 2 a~ 1 p (a)) 
= (-1)1*1+1^ (a^V^ 9 " 1 • • • a6 i 2 1 6{ p a6{ p - 1 ■ ■ ■ a6{ 1 (b)); (16) 

and 

T(a6{ 1 a6{ 2 ■ ■ ■ <j6{ p a- 1 {6 2 a~ l ) h ■ ■ ■ a~ l {6 2 o~ l ) l « (&)) 
= (-l)^ j W(b6 i 2 q a6^ q - 1 ■ ■ ■ a6 i 2 1 a- 1 {6 1 a- 1 )^ ■ ■ ■ a' 1 {6^-^ (a))(.17) 

Proof. First we show by induction that for a, b € A, non-negative integer i, 
and 6 = 6j,j = 1, 2, we have 

r{bo--\6a- l )\a)) = (-l)V(a(a)«5 i (6)) . (18) 

If i = 0, then r(6o" _1 (a)) = r(a(a)b), because r is a cr 2 -trace. Now assume 
that (I18p holds for i. Then we have 

r(6<7- 1 (5<7- 1 ) i+1 (a)) = t^- 1 ^ -1 )*^ -1 ^)) = (-l) i T{a6a- 1 (a)6 i (b)) 

= (-l) i T(6a- 1 (a)a- 1 6 i (b)) = (-l)V (a6 i (^Sa' 1 (a)) 
= (-l)^V(«5 i+1 (6)a- 1 (a)) = (-l^+V^a)^)). 

Also one can see by induction that 

r((6a- l Y(a)b) = (-iyr{a6\b)); (19) 

and 

ria^ib)) = (-iyr(a 2 (b)(6a- 1 y(a)). (20) 
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Now by using (fT8|) and (fT9|) several times, we can prove (fT6j) : 

r(6a- 1 ((Ji(r- 1 ) J ' 1 • • • a- 1 {5 1 a- 1 y"a- 1 {5 2 a- 1 ) il ■ ■ ■ a' 1 (S^' 1 )^ (a)) 
(-lyV^ia- 1 ) 5 ' 2 • • • a- 1 ^- 1 ^ 

a- 1 (6 2 a- 1 y^--a- 1 (6 2 a- 1 y(a)5{ 1 (b)) 
(-l) J1 r«(^- 1 (5 1( T- 1 y 2 • • • G- 1 {S 1 ff- x ) i ' 

<J-\5 2 a- 1 )^ ■ ■ ■ <j- l {5 2 <j- l y"(a)) 

(-l)\i\ T (a6{ p aSi*- 1 (b) 

<T- 1 {5 2 a- 1 ) i ^a- 1 {8 2 a- 1 ) i ^--a- 1 {5 2 (T- 1 ) i ^a)) 
(-l)l J V((<5 2( j- 1 ) il a- 1 ((52^- 1 ) i2 • • • a- l {5 2 a- 1 ) i "{a)8{ p a8^- 1 ■ ■ ■ a5 j y (b)) 
(-^bl+Hr^- 1 ^^- 1 )* 2 • • • a- 1 (S 2 a- 1 ) i "(a)S i 2 1 8{ p a8i p - 1 ■ ■ • <7<5f (&)) 
(-l)UI+n T ((<52^ _1 ) i2 • • ■a-\5 2 a- l ) i "{a)a5^5{ p a5{ p - 1 ■ ■ ■ a8{\b)) 

(-l)l l 'l + l^r(a<5>4 ? " 1 • • • aS^Si'a^' 1 ■ ■ ■ aS H b ))- 
By using (JTHD and P0|h we prove (fT7|) : 

r(a(Jf a5f ■ ■ ■ atff a" 1 ^ -1 )' 1 ■ • •ff- 1 ^" 1 )**^)) 
= (-l) J1 r(a 3 5f • • • a8{ p a- 1 (8 2 a- 1 ) il ■ ■ ■ o~ l (S^ 1 )^ (b^Sta^y 1 (a)) 
= (-^^(a^iS^-^i^Si 2 ■■■a8{ p a-\8 2 a-^---a- 1 (8 2 a- 1 ) i ^b)) 

= (-l)\iW{cj{5 2 a- l y^~ l {5 2 <j- l y* ■ ■ ■ a- l (8 2 a- l y*{b) 
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= (-l)\ j] T({8 2 a- 1 ) h <r- 1 (5 2 a- 1 ) i >---a- 1 (S 2 a- 1 y«(b) 

= (-l)\j\+^ T (a-\S 2 a- 1 ) i2 ■ ■ ■ a' 1 (5 2 a~ 1 ) 1 * {b) 

4 1 a' 1 (Si a' 1 y* a' 1 cr" 1 J^- 1 • • • a" 1 a" 1 )* (a)) 
= (-l)^l+ i ir((5 2 a- 1 ) i2 • • • < 7- 1 (5 2 o-- 1 ) i «(6) 

= (-i)i i i+bV(64 <? cx4 <? " 1 • ••o-4 i tr- 1 (^i^ 1 ) ip • • • a-^d^-y^a)). 

□ 

Now we can define the 2-dimensional analogue of the twisted residue 
map. 

Theorem 4.2. Let A, a,5i,S 2 ,r be as in Lemma \4-1\ where r is an invariant 
a 2 -trace on A; and define a linear map reso : ^fo(A, a, 5±, 5 2 ) — > C by 

reS C5~] a h,jl,--;im,jm ^.l^j 1 ' ' ' Cl" 1 ^" 1 ) = T ( a iljl,...,im,jm)l 

l*l=-i,b'l=-i 

where i = (h,...,i m ) and j = (ji,...,j m ). If (66 - 66) C Ker(res ), 
i/ien f/ie induced map res : ^(^4, c, <5i, £2) - * C given by 

M N 

res ( E E a vCiC 2 ) = r(o_i_i), 

i=— 00 j=— 00 

is a irace functional. 

Proof. Let a, 6 G A, and m, n,p,q € Z. We shall show that 

res (a 6^^) = res (6^ a (21) 

One can easily see that if m,p > 0, or if n, g > 0, then by definition of res , 
both sides of (f2T|) are 0. So it suffices to prove the identity for two general 
cases: 

1. m, n > 0, and p, q < 0. In this case 

m n 
j=0 i=0 
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Therefore by definition of res , ifn + g < —1 or m + p < —1, then 
res (a^r?2 = ^> otherwise we have 

res(a£?$ btlil) = r(aP_ g _i, n (o-, 5 2 )P^ 1>m (a,6 1 ) (b)). (22) 

On the other hand we have 

= 5^(-l)l < l + IJ'l6o-- 1 (tfi(7- 1 ) J ' 1 • • • a- 1 ^- 1 ^-' 

a~\5 2 a- 1 r...a-\5 2 a- l )^{a)C +P ^H n 2 + ^\ 

where the sum is over all tuples of non-negative integers i = {i\ , . . . , i- q ) 
and j = (ji, . . . ,j—p). Therefore by definition of res , if n + q < — 1 or 
m + p < —1, then res (6^i^2 a CT^2 ) = 0> otherwise by Lemma fCTl 

res (b a&($) 
= (-l) n +9+ m +Pj2T[ba- 1 {6 1 a- 1 y i ---a- 1 (5 1 a- 1 y-p 

cj- 1 (5 2 a- 1 y i ■ ■ ■ a-\5 2 (J- 1 ) i - q {a)) 
= ^(a4" 9fJ 4" 9_1 • • • (T5 2 1 5i- p a5 i f p ~ 1 . . . a^ 1 (&)) (23) 

where the sums are over all tuples of non-negative integers i = (i±, . . . , i- 
and j = (ji, . . . ,j—p), such that \i\ = n + q + 1, and \j\ = m + p + 1. 
Therefore (|23h amounts to saying that 

res (&£?£! a £r$) = r(aP_ 9 _ 1>n ( ( r ) 5 2 )P_ p _ lim (a 5 d 1 )(6)), 

which is equal to res (affG£b£f$) by ([22]). 

m > 0, n < 0, and p < 0, g > 0. In this case we have 

m 

= Y.Y.^- l )^ aP ^M)^\5 2 cr- 1 ) h 

3=0 

■■■a- i (5 2 a- i y-(bn +p e 2 - lil+q , 

where the first summation is over all tuples of non-negative integers 
i = (ii, . . . ,i_ n ). Therefore by definition of res, if m + p < —1, or 
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n + q < — 1, then res (a^f 1 ^ ^^1^2) = 0> otherwise by Lemma |4~T1 we 
have 

= (-l)^ 1 r{aP. p ^ m {<y,5 1 )a~ l {5 2 a- l r 

\i\=n+q+l 

■■■<y-\5 2 a- 1 y-(b)) 

= (-l) n+9+1 ^r(a^< ...a5[- p 

a-\S 2 a- 1 f ■ ■ ■ a- 1 (5 2 a- 1 Y-(b)) 
= (_±yn+ P +i Y J T{b5\- n a5\- n - 1 ■ ■ ■ a8% 

a- l (5 1 a- l ) r -^--a- 1 {5 1 a- l Y^a)) 

(24) 

where in the last two sums, the summation is over all tuples of non- 
negative integers i = («x, ■ • • , i—n) and r = (ri, . . . , r_ p ) such that 
\i\ = n + q + 1, and |r| = m + p + 1. 
On the other hand we have 

= ^^(-l) |r| 6P fe , g (a,5 2 )a- 1 (<5 1 a- 1 r i 

fe=0 

•••a- 1 (<5i<7- 1 ) r - , '(o)er |r|+m ^ fc ) 

where the first summation is over all tuples of non-negative integers 
r = (r%, . . . , r_ p ). Therefore we have 

res(6^a^2 n ) 
= (_ 1 )P+m+i^ r ( 6 p_ n _ ljg ( . jff2 ) (7 -i( ffl<7 -i)n 

•••a- 1 (<5 1 a- 1 )^(a)),(25) 

where the sum is over all tuples of non-negative integers r = (r 1 , . . . , r_ p ) , 
such that |r| = p + m + 1. 



Hence res (a 6^2) = res(fc^a^ 2 ffl ) by ([MD, & and the 
definition of P_ n _i )g (o", £2). 

□ 
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In the following proposition, we show that if the twisted derivations 
commute with each other, then the condition (£i£2 — £2^1) C Ker(reso) of 
Theorem [572] holds. 

Proposition 4.3. Let A, a, 61,62, t be as in Theorem \4-°^\ where r is an 
invariant a 2 -trace on A. If 6\ o 82 = 62 6\, then (£1^2 — &£i) C Ker(reso). 

Proof. Let a, b € A, and j = 1 or 2, we have r(aa5j(b)) = T(a8ja(b)), 
because: 

T(aa6j(b)) = r(o- -1 (a)^(6)) = -r{Sj(T~\a)b) 

= -T{a 2 (b) 5 j a~ 2 {a)) = r(^a(6) a~ 2 (a)) 
= T{a5jO-{b)). 

Similarly one can see that r{aa~ 1 6j{b)) = T(a8jO-~ l {b)). Therefore 

T{aa ni 6^6{ 2 ■■■a nr 6\ r 6 j 2 r {b)) 

depends only on \n\, \i\ and for any n = (n\, . . . ,n r ) an r-tuple of inte- 
gers, and i = . . . ,i r ) and j = (ji, - ■ ■ ,j r ) any r-tuples of non- negative 
integers. 

By using the above fact, one can see that for any choice of integers 
2fc j jk 1 i'k ' j'k ' 

resoK^ 1 • -^Ht(^2 ~ 6£i)&£? £? ■ 
= reso^l 1 ^ 1 • • <l m & m (v\b)(ti& ~ 66) + (<M&) - <7<Ji(6))£ 2 + 

(o-5 2 (b) - 5 2 a(b))h + 5x^(6) - <S a <Si(&))#$ ■ 

= 0. 

□ 

By a similar argument, one can show that starting with a er n -trace r such 
that t o a = t, and n commuting cr-derivations 6%, . . . , 6 n : A — > ^4 which 
leave r invariant, the linear functional res : ^(A, a, 81, ... , 8 n ) — > C defined 

by res ••• £^"J = 7"(o-i,...,-l) is a trace. Here the algebra 

of twisted pseudodifferential symbols ^(A, cr, 61, . . . , 5 n ) is defined as in the 
2-dimensional case. We record this in: 
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Theorem 4.4. Let a be an automorphism of an algebra A, and 5%, . . . , S n : 
A — > A commuting a -derivations. If r : A — > C is a a n -trace such that 
too = t, and t o Sj = /or j = 1, . . . ,n, then the linear functional 
res : ^(A, a, Si, ... , 5 n ) — > C defined by 

res (^^ i„^-e) = r(o_i,.„,_i) 

zs a trace. 

5 The logarithmic cocycle 

In this section we extend the logarithmic cocycle of Kravchenko-Khesin [8] 
to our twisted setup. A special case of our construction is the logarithmic co- 
cycle of Khesin-Lyubashenko- Roger [7] on the algebra of g-pseudodifferential 
symbols on the circle. In Section 3 we noticed that when the automorphism 
a : A — > A commutes with the o"-derivation S, the multiplication rules in 
^(A, a, 5) are derived from (|14p . In this section we assume that 5 and a 
commute. To derive the main formulas (|27p and (|33p of this section, in a 
formal manner we first assume that the algebra A has a 1-parameter group 
of automorphisms {crt}t£M. such that o~\ = a. We shall then observe that 
Proposition 15.21 holds in general, without assuming the existence of o~t- 

Let at be a 1-parameter group of automorphisms of A with o\ = a. We 
can define an algebra of twisted pseudodifferential symbols with elements of 
the form X^So a ^* _ *' * ^ ^ e can re pl ace the integer n in (|14p by t € R 
and obtain 




from which the multiplication formula is derived. By differentiating the 
above formula in t at t = 0, and using the identity 

j t |t=o f* = log£-£* |t=o = log£, 
we will have the commutation relation 

[log£,a] = - | t=0 a t (a) + ]T -^—a >6->unk (26) 
d j=i 3 

One would expect ([26]) to define a derivation [log£ , — ] : A — > ^(^4, cr, £). To 
define this derivation, by assuming [log£,£] = 0, we simply let 

[log^aH = - |t=o o-t(a)e n + 2 a-''<P'(a)r- J ', (27) 

i=i J 
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for any a G A,n G Z. 

Lemma 5.1. Lei s > 1 and k > be integers and a£l. T/ien 

j — s 

Proof. One can write (|28p in this form: 

r)-B-«*"U-*)C=D- 



To prove the latter, we write: 

+ = (l + x) a (l + x) 



= (l + x) a +^~ i S ^x(l + x) a +^~ 2 S ^jx 2 (l + x) a + --- 
= (l + x) a - (^jx(l + x) a + ( S + 2 1 ^ 2 (l + x) Q + --- 

and consider the coefficient of x k on both sides. □ 

For the following proposition, we assume that a is an automorphism of 
A, and at is a 1-parameter group of automorphisms of A such that 

^ \t=o <rt{<r{a)) = <r(^ | i=0 er t (a)) 

and 

^ \t=o <rt(8(a)) = S(— \ t =o o-t(a)) 

for all a G A 

Proposition 5.2. T/ie map [log£, — ] : ty(A,cr,5) — > ^(A,a,5) defined by 
(1271) is a derivation. 
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Proof. Let a,b € A,n,m G Z. We have 

[log£,a« m ] 
00 / \ 

1 — n V / 



k=0 

00 



E (") |k= ^(^- fc ^(fe))e +m - fe + 

k=0 ^ ' 

00 00 1 \ 1 

(J -^ j (a C T n ~ fc (5 fc (6))e" +m ^ _fc . 



fc=0 j=l 

On the other hand we have 



, 00 , 1 1 

ac(^ it=o ^(6)r + E *-''<p'(&)r- j 

^ | t=0 a t (a) f; H a -^fc( 6 ) r -/=+m + 
00 00 / 1 / _ -\ 

E E — - — l J ) ^~ j ^(aK~ j ~ fe ^(fr)r~ j ~ fe+m + 

j=i fe=o ^ \ k J 



k=0 x 

00 00 , 1 



k=0 






n — 








(- 




1 



— 1 i—n J \ / 



j=l fc=0 

Therefore the coefficient of £ n+m in ([29]) is 
^ |t=0 ot(a<7 n (fc)) 
= ^ U=o fft(a) + a-| \ t=0 a t {a n {b)), 



and the corresponding coefficient in ()30p is 
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For any integer r > 1, the coefficient of £ n+m r in f|29[) is 



-fc rfc 



**(&)) 



where the summation is over all integers j > 1, k > 0, such that j + k = r. 
By using Lemma [3. 41 and the derivation property of the derivative, the latter 
is equal to 

U=o ^(a)^- r (f(6) + f n V^ U=o ^^(fc)) + 



r J dt \r J dt 

where both summations are over all integers j > 1, k > 0, such that = r. 
Also for any integer r > 1, the coefficient of £ n + m_r i n (|30p is 

;)|l-^(a)^( & )+(;)a^(| |«, t (6)) + 



I, 

where both summations are over all integers s > 1, 1 > 0, such that s + Z = r. 

Therefore in order to show that (f31~j) and ([32]) are equal, it suffices to 
show that for fixed integers s > 1, 1 > 0, such that s + / = r: 



-Lr~ L //>-*\ ^ (• 



where the sum is over all integers k >0,j > l,i > such that i — j — s, i + 
k = I, which amounts to saying that 

-l)- 1 fn-s\ n W j 

J — * 
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and the latter follows from Lemma 15. 11 

□ 

A close look at the proof of Proposition 15.21 shows that to define the 
derivation [log£, — ], in fact we don't need to start with a one parameter 
group of automorphisms at- All we need is a derivation Sq : A — > A such 
that do o a = a o 5o and 5o ° 5 = 5 o 5o . We can then define 

[io g £x n ] = Sow? +^M— ^'(cor-*. (33) 

We find the following analogue of Proposition 15.21 

Proposition 5.3. Let 5o '■ A — ► j4 6e a derivation such that 60 o~ = a o 5o 
and 5q o 5 = 5 o 5q. Then the map [log £, — ] : ^(A, a, 5) — > ^(^4, cr, 5) defined 
by (p3]l is a derivation. 

Let r : vl — > C be a <5-invariant cr-trace on A. Using Theorem 13. 3| we 
have a trace res : ^(A, a, 5) — > C. Using the derivation property of [log ^, — ] 
and the trace property of res, it follows that the 2-cochain 

c( J Di, J D 2 )=res([logC,£'i] J D 2 ) 

is a Lie algebra 2-cocycle on ^f(A, a, S). This extends the Radul 2-cocycle 
[S] and its ^-analogue in [7j. 

6 Twisting by cocycles 

In this section, using group 1-cocycles, we give a general method to construct 
twisted derivations, twisted traces, and twisted connections on a crossed 
product algebra. Using twisted connections, one can then construct twisted 
spectral triples in the sense of Connes-Moscovici [3J. As an example, we 
recover a twisted spectral triple first constructed in [3] . 

Let A be an algebra with a right action of a group T by automorphisms: 

A x T — > A, (a, 7) 1— ► a ■ 7. 

We consider the algebraic crossed product A x T with the standard multi- 
plication: 

(a <g> 7) (6 <g> n) = (a ■ fi)b <8» 7/i, a,6 6i, 7, /x e T. 

Let ^(^4) denote the center of the algebra A, and A* its group of invertible 
elements. 
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Definition 6.1. 1. A map j : T — > Z{A) n A* is a 1-cocycle if 

i(7M) = (O't) • M)j>> v 7,/^ G r - (34) 

2. Given a map j : V — > A, a linear functional r : A — > C is said to aai>e 
toe change of variable property with respect to j, if 

t({cl • 7)j'7) = r(a), Va G A, 7 G T. 

Notice that (|34p amounts to saying that j is a (multiplicative) group 
1-cocycle for H 1 ^, Z{A) HA*). 

Proposition 6.2. Let A be an algebra with a right action of a group T by 
automorphisms, and j : T — > Z(A) DA* be a 1-cocycle. 

1. The map a: AxiT^AxiT given by 

cr(a (g> 7) = (Cn" 1 ) • 7)0 <8> 7 

is an automorphism. 

2. Let 5 : A ^ A be a derivation such that 5 (a ■ 7) = (5(a) • 7)^7 for all 
a G A, 7 G T. T/ien /or any s = 1, 2, . . . , the map 5' s : AxT — > A x T 
defined by 

S' s (a ® 7) = (<*((« • 7~ 1 )(i7~ 1 ) s ) Cn -1 ) - ' ® l) (l ® 7) 

is a a-derivation on A x T. ^Uso (5^ o a = o~ o ^ if 5 o j = 0. 

3. If t : A — > C is a trace sitc/i toai r o <5 = 0, toen r' o 5^ = where the 
linear functional r' : ^4 x T — > C is defined by 

r'(a <8> 7) = i/ 7 / 1, and r'(a ® 1) = r(a). 

^4/so, i/r /ias toe change of variable property with respect to j, then r 1 
is a a-trace on Ay\T. 

Proof. 1. For any a, 6 G A, 7, n G T, we have 

cr(a <g> 7)cr(6 ® a) = ((j7 _1 • 7)0 ® 7) ((i"^ 1 ■ I 1 ) ® «) 
= (i7 _1 ' (7")) (a • M)(j> _1 -m)&®7M, 
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and 



a 



((a <g 7) (6 <g //)) 



cr((a • <g 7/i) 

(j(M _1 7 _1 ) • (7A*)) ( a • A 1 )^ ® 7M 

• (7A^ {a- b <g>jLi 



Therefore a is an algebra homomorphism since j(T) c Z{A). It is also 
easy to see that a is an automorphism since j(T) C ^4*. 

2. For any a,b £ A, and 7, /i £ T, we have 



S' s ((a <g 7) (6 <g //)) = <5g((a • //)& g> 7/x) 
= «y(((a ■ • (a^V 1 ) (i/x-S- 1 ) 3 ) (iM-S" 1 ) -8 ® I I ® 7M 

= «y(( a ■ 7- 1 ) & • (a^V 1 ) (j^V 1 ) 8 ) C^-V 1 )- ® 1 1 ® 7A* 

= <5(a • 7" 1 ) 6 • (a^S -1 ) ® 1 1 ® 7A* + 
(a • 7" 1 ) 5(b ■ (m _1 7 _1 )) ® 1 1 ® 7M + 

(a • 7" 1 )(6 • (Ai- 1 7- 1 ))«y((jM _1 7- 1 ) 8 ) C^S -1 ) -8 ® 1 1 ® 7M- 

Since (jA* - ^ -1 ) 8 = {jn~ V ) s • 7 _1 (j7 _1 ) s , the latter is equal to: 

5(a ■ 7~ 1 ) • (7^) b ® + 
(a-/i)«y(6- (m _1 7 -1 )) • (7^)®7M + 

(a • ax) bSdj^Y) ■ » (i7 _1 ) s+1 • (7M) (JM-S -1 )-" ■ M ®"fV + 
(a ■ M ) 6 (J>^) s • A 1 <J(Cn _1 ) s ) • (7A*) (i/^S -1 )-' ■ (7M) ® 7M- (35) 



= S(a ■ 7 ) • (7At) b(S>~ffi + 

(a • ^) <$(0'7 -1 ) a ) • (7M) (J'7" 1 )"" ■ (7/*) & ® 7M + 
til' 1 ) • (7M) (a • A*) • M -1 ) • A* ® 7A 1 + 

OV 1 ) • (7M) (a • A*) bSttjt*- 1 ) 8 ) ■ V til*- 1 )-' • A 1 ® 7A 4 - (36) 



Also we have 



5g(a ® 7) (6 ® At) + cr(a ® 7) <^(6 (g //) 
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It is easy to see that 6(a), a (a) £ Z(A) for any a G Z(A). Therefore 
by ([35]) and (f36|) . ^ is a u-derivation. 



Now assume that 6 o j = 0. Then we have 
a o #(0(87) = ^^((a'T^OT^D'TOr^'-T^T) 

= In -1 •7)5((a-7 _1 )0V 1 ) s ) ■ 1 (h^Y 8 ■ 1 ® 1 

= (J7 _1 ' 7) ^( a ' 7 _1 ) • 7 ® 7) 

and 

<^ocr(a<g>7) = ^((j'7" 1 • 7)0 ® 7) 

= ^(j'7 _1 a • 7 _1 OV 1 ) 8 ) • 7 (h~ l T S • 7 ® 7 

So cr and 5g commute if 6 o j = 0. 

3. It is easy to see that jl = 1, from which it follows that r' o 6' s = if 
r o5 = 0. 

To prove that r' is a <r-trace, we have 

(a ® 7)(6 <g> /i) = (a ■ /i)b ® 7/i, 

and 

(r(b®[j,) (a (87) = ((iv~ l • n)b ® n) (a ® j) 

= • (^7)) • 7)a ® M7- 

Therefore if /X7 7^ 1, then r' is on both of the above terms, and if 
/^7 = 1 then 

r'((a ® 7)(6 <g> /x)) = r((a • //)&) 

and 

rV(6 ® yu) (a ® 7)) = r((j>- 1 )(6 ■ /i _1 )o) 

= r(( J >- 1 )((6(a^))-/i- 1 ) 
= T(b(a-/j,)). 

Therefore r' is a cr-trace on ^4 xi I\ 

□ 
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Example 6.1. 1. Let M be a smooth oriented manifold and u a volume 
form on M. Let T = Diff(M) be the group of diffeomorphisms of M. 
The map j : T -> C°°(M) defined by 

7*M = j(7V 

is easily seen to be a 1-cocycle. 

2. Let x : r — > C* be a 1-dimensional character of a group V which acts 
on an algebra A by automorphisms, and let j(7) = x(t)1a- Then j 
is a 1-cocycle, and a derivation 5 : A — > j4 is compatible with j if and 
only if 5(a • 7) = x(t) <5(°0 ' 7 f° r an Y " £ A and 7 € T. 

Definition 6.3. Let A be an algebra, 5 : A — > ^4 a derivation, and E a left 
A-module. A linear map V : E — > E 1 is said to 6e a connection if it satisfies 
the Leibniz rule, i.e. 

V(af) = o"(a)£ + aV(£), VaGi, 

If a : A ^ A is an automorphism and 5 : A ^ A a a -derivation, then a 
linear map V : E ^ E is said to be a twisted connection if it satisfies the 
twisted Leibniz rule: 

V(a£) = $(a)£ + a(a)V(f), Va G A, £ £ E. 

The notion of twisted connection was used by Polishchuk |10j in his study 
of noncommutative toroidal orbifolds. 

One of the conditions for a twisted spectral triple (A, H, D) in the sense 
of Connes-Moscovici [3] is the boundedness of the operators [-D,a] CT := 
Da — a(a)D. Given a twisted connection V, one can try to define a twisted 
spectral triple by letting D = V. Then Va — <r(a)V = 5(a) shows the bound- 
edness condition is satisfied provided 5(a) acts by a bounded operator. 

In the following proposition, A is an algebra endowed with a right action 
of a group r by automorphisms, with representations ir : A — > End (E 1 ), and 
p : r — > GL(.E), defining a covariant system, i.e. 

7r(a • 7) = p(7~ 1 ) 7r(a) ^(7), Va G A, 7 £ T. 

Then we obtain a representation 7r' : A x T — > End(-E) given by 

ir'(a <g> 7) = p(7)7r(a), Va € A, 7 G T. 
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Also let j : T — > Z(A) n A* be a 1-cocycle and 5 : A — > A a derivation as in 
Proposition 16.21 Therefore we have an automorphism a: AxT^AxiT 
and we fix a a-derivation 5' s : A ~x T —> A x T for some s € N. 

Proposition 6.4. A connection V : E — > E 1 /or A is a twisted connection 
for Ay\T if and only if 

Vp( 7 ) = p( 7 ) (0 - 1) Tr^" 1 • 7)) + Vtt^" 1 • 7 )) , V 7 £ T. (37) 

Proof. Since cr(a (8 1) = a <8> 1, and <5^(a 1) = 5(a) ® 1, it suffices to show 
that 

Vvr'(l (g> 7 ) = 7r'(^(l (8)7)) +7r'(o-(l(8)7))V 
for all 7 G T, if and only if (|3"7|) holds. First we compute 7r'((5g(l (g> 7)): 

*W®7)) = vr'^^- 1 ) 5 ) •7(jV 1 )" S -7®7) 

= />(7)vr(s(j7 _1 • 7) S " 1 5(i7~ 1 ^(jt)* -1 ) 
= sp(7)vr(^(j7 _1 -7)). 

Now we have 

7r / (^(l®7))+7r'(o-(l®7))V 
= - l)p(7)vr(5(j7~ 1 • 7)) + ^(^CfT 1 • 7)) +7rCrT 1 ■ 7) VJ 

= p(7)((s-l)7r(<y0*7 _1 -7)) +Vvr(i 7 - 1 • 7)) . 

Therefore V is a twisted connection if and only if (|37p holds. 

□ 

Remark 1. Let s > be a real number and assume (j(7)) s € A is defined 
for all 7 G r. Propositions 16.2 1 and 16.41 continue to hold for these values of s 
as well. For this we need the extra condition S(x s ) = sx s ~ 1 5(x) to hold for 
all x =i( 7 ), 7 € r. 
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Example 6.2. Let C°°(S 1 ) be the algebra of smooth functions on the circle 
S 1 = R/Z, and F C Dif f + (S l ) a group of orientation preserving diffeomor- 
phisms of the circle as in [3]. We represent the algebra C°°(S l ) by bounded 
operators in the Hilbert space L 2 {S l ) by 

(7T(g)0(x)=g(x)C(x), VgeC 00 ^ 1 ), £ G L^S 1 ), x G R/Z. 

Define a representation of T by bounded operators in L 2 (S' 1 ) by 

(p(cl>- 1 )0(x)= ( l>'(x)H(<t>(x)), V0GT, ^GL 2 ^ 1 ), xGR/Z. 

The group T acts on C°°(S' 1 ) from right by composition and one can easily 
check that the above representations give a covariant system which yields the 
representation of C°°(S 1 ) x V as in [3]. The map j : T — > C°°(S' 1 ) defined by 
= (j)' is a 1-cocycle and the derivation 5 : C 00 ^ 1 ) -> ^(S 1 ), = 
i/' is compatible with j. Now by using Proposition 16.21 we obtain an 
automorphism a of C°°(S 1 ) x T which agrees with the automorphism in [3], 
and a twisted derivation 6\ . Note that since it is possible to take the square 

2 

root of the elements in the image of j in this example, we can let s = \ to 
obtain a twisted derivation. Now if we let V = \4z, one can see that the 
equality (|3"T|) holds, therefore V is a twisted connection for C oc (S 1 ) x T by 
Proposition 16.41 

Also the linear map r : C co (S 1 ) — ► C defined by 

r(g) = [ g(x)dx, Vg G C°°(S 1 ), 

is a trace which has the change of variable property with respect to j, and 
r o § = 0. Therefore by Proposition 16.21 one obtains a twisted trace r' : 
C 00 ^ 1 ) x r -> C such that r' o ^ = 0. 

2 
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